Recent developments in perturbative QCD, leading to the beta function in five-loop approximation, are presented. In a first step the two most important decay modes of the Higgs boson are discussed: decays into a pair of gluons and, alternatively, decays into a bottom-antibottom quark pair. Subsequently the α 4 s corrections to the vector-and axial-vector correlator are discussed. These are the essential ingredients for the evaluation of the QCD corrections to the cross section for electron-positron annihilation into hadrons at low and at high energies, to the hadronic decay rate of the τ lepton and for the Z-boson decay rate into hadrons. Finally we present the prediction for the QCD beta-function in five-loop approximation, discuss the analytic structure of the result and compare with experiment at low and at high energies.
Introduction
During the past years significant progress has been made in the evaluation of higher order QCD corrections to inclusive decay rates. In particular the evaluation of QCD corrections to scalarand vector-current correlators has been pushed to O(α 4 s ) [1, 2, 3] . Also, along the same line, the evaluation of the QCD beta function has been performed in fifth order [4] and indeed also this result has been confirmed (and extended to a generic gauge group) by three new, independent calculations [5, 6, 7] .
Dominant Higgs boson decay modes
The two most important decay modes of the Higgs boson are the top quark mediated decay channel into two gluons and the decay into a bottom plus antibottom quark. The higher order corrections to these modes have been evaluated up to O(α 5 s ) [8, 9] for the two-gluon channel (very recently even up to O(α 6 s ) [3] ) and up to O(α 4 s ) for the bb channel [1, 3] . Mixed terms related to the gg and the bb mode are treated in [10] . These two modes constitute the dominant Higgs decay channels with branching ratios around 15% for the two-gluon and close to 60% for the bb mode.
In total one finds for the two-gluon channel
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Here a ′ s = α s /π. It is quite remarkable that the residual scale dependence is reduced quite drastically, from ±24% in LO to ±22% in NLO down to ±10% in N 2 LO and ±3% in N 3 LO.
The second, and in fact dominant dominant decay mode of the Higgs boson is the bb channel. The decay rate into a quark-antiquark pair, generically denoted by ff , is given by
whereR(s) = ImΠ(−s − iε)/(2πs) stands for the absorptive part of the scalar two-point correlator
In five-loop approximation the absorptive part has been obtained in [1] and recently confirmed in [3, 6, 7] . For n f = 5, the physically relevant result, it is given bỹ s term. In total this leads to a dominant contribution of the bb mode with a branching ratio close to 60 %. Note that an important ingredient in this context is the mass of the bottom quark at the scale of m H , which has been taken as [13] 
In fact it is well known that quark masses are conveniently defined to depend on a renormalization scale
with a s = α s /π. The coefficients γ i of the quark mass anomalous dimension γ m are known from γ 0 to γ 4 and thus in five-loop order [14] . In numerical form and for SU (3) it is given by
Let us note in passing that quite recently also the result for a general gauge group has been obtained [15, 16] .
In view of asymptotic freedom, perturbative QCD can be applied at vastly different energy scales, despite the dramatic variation of the strong coupling between the mass of the τ lepton and, for example, the mass of the Z boson. Starting, for example, at the scale of the τ-lepton with α s (m τ ) = 0.332 ± 0.005| exp ± 0.015| th (3.1)
four loop running and matching at the flavour thresholds leads to the reduction of the strong coupling at the scale of the Z boson mass [2] 
by a factor three and a reduction of the uncertainties by nearly a factor ten. The final result is in remarkable agreement with the direct determination of α s from Z decays which leads to α s = 0.1190 ± 0.0026| exp and a small theory error. Note that the dominant term in the QCD corrections for Z decays is identical to the correction term for τ decays. However, starting from O(α 2 s ), one receives additional, new terms in the Z boson case. These arise from so called singlet contributions which in turn are different for the vector and the axial vector part.
In total one finds for the QCD corrected decay rate of the Z boson (neglecting for the moment mass suppressed terms of O(m 2 b /M 2 Z ) and electroweak corrections)
The relative importance of the different terms is best seen from the results of the various rratios introduced above. In numerical form [17] r NS = 1 + a s + 1.4092 a Let us recall the basic aspects of these results:
• The non-singlet term dominates all different channels. It starts in Born approximation and is identical for τ decay, for σ (e + e − → hadrons) through the vector current (virtual photon) and for Γ(Z → hadrons) through vector and axial current.
• The singlet axial term starts in order α 2 s , is present in Z → hadrons and depends on ln M 2 Z /M 2 t . Its origin is the strong imbalance between the masses of the top and the bottom quark [18] .
• The singlet vector term is present both in γ * → hadrons and Z → hadrons and starts in O(α 3 s ).
• All three terms are known up to order α 4 s and the total rate is remarkably stable under scale variations.
Five-loop β function
Asymptotic freedom, manifest by a decreasing coupling with increasing energy, can be considered as the basic prediction of nonabelian gauge theories and was crucial for establishing QCD as the theory of strong interactions. The dominant, leading order prediction [19, 20] was quickly followed by the corresponding two- [21, 22] and three-loop [23, 24] results. Subsequently it took more than 15 years until the four-loop result was evaluated [25] and another seven years until this result was confirmed by an independent calculation [26] . Now, finally, the five-loop result for QCD became available [4] , quickly confirmed and generalized to an arbitrary gauge group [5, 6, 7] .
There are several reasons to push the QCD β -function to an order as high as possible. From the practical side it is important to compare experiment and theory prediction with the best achievable precision. From the theoretical side one expects that the perturbative series at some point starts to demonstrate its asymptotic divergence, shown by significantly increasing terms. However, as shown below, even up to fifth order the series exhibits a remarkably smooth behaviour with continuously decreasing perturbative coefficients. Let us, in a first step, recall the coefficients of the QCD β -function defined by
Using the same tools as those discussed in [2, 14] the β -function in fifth order is given by This result has, in the meantime, been confirmed in [5, 6, 7] and even extended to an arbitrary, simple, compact Lie group. The surprising pattern of the delayed appearance of higher transcendentals, already observed in lower orders, repeats itself in the present case: The transcendental numbers ζ 6 and ζ 7 that could be present in β 4 in principle, are evidently absent, similarly to the absence of ζ 4 and ζ 5 in the result for β 3 .
As stated before, the smallness of the higher order coefficients, in particular for the n f -values of interest, leads to a remarkable stabilization of the results. The excellent agreement between α s values from vastly different energy scales indeed persists in higher orders. Let us, as a typical example, recall the comparison between the strong coupling at the scales of m τ and M Z . Starting with the value α s (m τ ) = 0.33 ± 0.014 one arrives, after running and matching at the charm and bottom threshold at the value α 
Summary
A sizable number of four-and five-loop QCD results has been evaluated during the past years. O(α 4 s ) corrections of Higgs boson decays to fermions, of τ-lepton decays to hadrons, Z decays to hadrons and of corrections to the familiar R ratio (with R ≡ σ (e + e − → hadrons)/σ (e + e − → µ + µ − )) are among the most prominent examples. These calculations have been complemented by the most recent result along the same lines, the five-loop QCD β function. No sign of an onset of the asymptotically expected divergence of the series is observed. Excellent agreement between theory and experiment for a large number of predictions is observed. For the moment the precision of the theoretical prediction is significantly ahead of the experimental results.
